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Abstract 

The shifted Schur measure introduced in |TW2) is a measure on the set of all strict partitions 
A = (Ai > A2 > • • • > Xg > 0), which is defined by Schur Q-functions. The main aim of this 
paper is to calculate the correlation function of this measure, which is given by a pfaffian. As 
an application, we prove that a limit distribution of Aj's with respect to a shifted version of 
the Planchcrcl measure for symmetric groups is identical with the corresponding distribution 
of the original Plancherel measure ([BED rROOl EH EH)- In particular, we obtain a limit 
distribution of the length of the longest ascent pair for a random permutation. Further we 
give expressions of the mean value and the variance of the size |A| with respect to the measure 
defined by Hall-Littlewood functions. 
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1 Introduction 

Let 7r be a permutation in the symmetric group 6 at and £(n) the length of the longest increasing 
subsequence in tt. Concerning a limit distribution of £(ir) with respect to the uniform measure 
Puniform,7V on ©at, it is proved in |BDJj that 



(1.1) ^Purifam,* 1 Nl/6 < S J= 

where ^(s) is the Tracy- Widom distribution. The Tracy- Widom distribution is defined by the 
Fredholm determinant for the Airy kernel. Namely, let Ai(x) be the Airy function 

(1.2) Ai(ar) = = / e z3 ^~ xz dz 

27TV — 1 Jooe-^v^ 1 / 3 

and KAiry(x,y) the Airy kernel 

/•oo 

(1.3) K AiTy ( y x,y)= Ai(x + z)M(z + y)dz. 

Jo 
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Then the Tracy- Widom distribution i*2(s) is defined by 




i<ij<fcdxi . . . dxk 



and gives a limit distribution of the scaled largest eigenvalue of a Hermitian matrix from the 
Gaussian Unitary Ensemble (GUE), see |TWlj . 

As we see below, the Plancherel measure for partitions is related to the distribution of the length 
l(ir). Let f x be the number of standard tableaux of shape A. The Plancherel measure assigns to 
each A h N the probability 



where Vn is the set of all partitions of N (see e.g. SJ)- Hence the equation (jl.lj) also describes 
a limit distribution of Ai with respect to Plancherel measures. This result has been extended in 



in |B()()j is a calculation of correlation functions of the poissonization of the Plancherel measures. 
We can see the other asymptotics with respect to the Plancherel measure in e.g. |Hoj . 

On the other hand, the Schur measure introduced in |Q2j is a measure which assigns to each 
partition the product of two Schur functions. Okounkov |()2j calculated the correlation function 
of the Schur measure by using the infinite wedge. The correlation function of the poissonized 
Plancherel measure is obtained as a specialization of the one for the Schur measure. 

The main aim of this paper is to calculate the correlation function of the shifted Schur measure 
(see Theorem 13. The shifted Schur measure, introduced in |TW2j . is a measure on the set of all 
strict partitions, which is defined by Schur Q-functions instead of Schur functions. The correlation 
function is expressed as a pfaffian and is actually calculated by operators on the exterior algebra 
in place of the infinite wedge in |()2j . Further, as an application, we obtain a shifted version of 
the corresponding result for a limit distribution of Aj's in BOOl |J3l IQlj (see Theorem 14.1(1 . In 
particular, we find that a limit distribution of the length of the longest ascent pair for a random 
permutation is given by the Tracy- Widom distribution (see Corollarv l4.2j) . Since the proof is similar 
to the one in |B()()j . we only discuss its main point. 

In the final section, we study about a measure defined by Hall-Littlewood functions. The 
measure is considered as a natural extension of the Schur measure and the shifted Schur measure. 
We obtain expressions of the mean value E(|A|) and the variance Var(|A|) of the size |A| with respect 
to this measure explicitly. Actually, each value is written as a sum of the product of certain power- 
sum functions (see Theorem 15. 1|) . This expression of E(|A|) naturally leads us a similar study of 
E(Ai). By observing various examples, in the end of the section, we remark that there is a certain 
common property of expressions of E(Ai) among these examples. 



(1-5) Ppian,Jv({A}) = 

Then it follows from the Robinson-Schensted correspondence that 

(1-6) Pumform,Jv({7T G & N \^) = &}) = Ppian,iv({A G V N \\l = h}) 




BOO] IJ31 IQlj to the other rows Aj's in a general position of a partition. The key of the proof 



The shifted Schur measure 



3 



2 Shifted Schur measures 

We recall the Schur Q-function and the shifted Schur measure. The following facts are known in 
[El III-8] and jTW2| . 

A non- increasing sequence A = (Ai, A2, • • • ) of non- negative integers is called a partition of N if 
the size |A| := Ylj>i -\? ec l ua l s N. We denote the number of non-zero parts of A by £(X) and we call 
it the length of A. A partition A is called strict if and only if all parts of A are distinct and then we 
write A 1= N. Let T>n be the set of all strict partitions of ./V and V the set of all strict partitions, 
i.e., V = U% =0 V N . 

Let X = (X\,X2, • • • ) and Y = (Yi, • • • ) be infinite many variables. The symmetric functions 
q n (X) (n > 0) are defined via the generating function 

" 1 + XiZ x 



Q(z) = Q x {z) = JJ = ^ q n (X)z n . 



i=l 1 n=0 

In particular, we have qo = 1. Since 



- LJ -l — XiZ n ^-^ n 

i=l i=l n=l n=l,3,5,... 

where p n (X) = Y^,i=i is the power-sum function, the function Q{z) is also expressed as 

(2.1) Q(z) = expj ^ l^ X > U 

V n=l,3,5,... 

For A = (Ai, A2, • • • ) 6 T> of length < m, the Schur Q-function Q\{X) is defined as the coefficient 
of z x = z\ x z\ 2 ■ ■ ■ z^ 1 in 

m 

(2.2) Q(zi,z 2 ,...,z m ) = HQ(z l ) 11 Z -^-. 

1=1 1<*<J<™ 

For r > s > 0, we define 

s 

Q(r,s) = Qrq s + 2 E( — l) l q r +iqs-i 

i=l 

and Q( r>s ) = — Q(a,r) f° r r — s - We may write A in the form A = (Ai, A2, • • • , A2n) where Ai > A2 > 
• • • > A2 ra > 0. Then the 2n x 2n matrix 

M \ = ( < 3(A»,A j ))l<ij<2n 

is skew symmetric, and the Schur Q-function Q\ is also given by 

(2.3) Qx = Pf(M A ), 

where Pf stands for the pfaffian. The Schur P-function P\ is defined by P\ = 2~^Q\. 
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The shifted Schur measure is a (formal) probability measure on V defined by 

(2-4) Pss({A}) = -^Q X (X)P X (Y) 

^ss 

for each A € T>. Here the normalization constant Zss is determined by 



oo 



z ss = J2Qx(x)p x (y)= n ^fp, 

Ae£> ij'=i 1 i 

where the second equality is the Cauchy identity for Schur Q-functions QMacl p. 255]). Further, 
from l|2.1j) . the constant Zss is also expressed as 



(2.5) Z ss = exp [ Y, -Pn{X) Pn {Y) 1 . 



n 

.71=1,3,5,... 



3 Correlation functions of the shifted Schur measure 

In this section, we prove the main theorem. We identify each strict partition A = (Ai, A2, . . . , A^) 
(Ai > A2 > • • • > Xi > 0) with the finite set {Ai, A2, . . . , A^} of positive integers. Define the 
correlation function of the shifted Schur measure Pss by 

(3.1) Pss(A) := P SS ({A € V\X ^A}) = ^Y1 Qx(X)P x (Y) 

for a finite subset A C Z>o- The function p$s(A) has a pfafnan expression. 
Theorem 3.1. For a finite subset A = {k\, . . . , /c^v} C Z>o, we have 

(3.2) Pss (A) = Pf(M(^) JJ ) 1 < i<i < 2iV , 
where the entry M(A)ij of the skew symmetric matrix M(A) is given by 



M(A) 



l :J 



K(ki,kj), for l<i<j<N, 

K(ki,-k 2 N-j+i), for 1 < i < N <j < 2N, 

K(-k 2N -i+i, -kiN-3+1), for N < i < j < 2N, 



and K.(u, v) is defined as e(u, v) times the coefficient of z u w v in the formal series 

j y — yj 

-3{z;X,Y)3(w;X,Y)——. 
2 z + w 

Here J[z\ X, Y) is defined by 

(3.3) I(z;X,Y) := Q x (z)Q Y (-z^) = f[ ± ± f Z \ ~ 

1 A%Z 1 "T X%Z 

1=1 
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and e(u, v) is given by 

(3.4) e(u,v) 



1, for u, v > 0, 

(-If, for u>0,v<0, 



Remark 3.1. The correlation function of the Schur measure is given by a determinant, see Theorem 
1 in 102. □ 



We prove Theorem l3.1l bv employing the exterior algebra. Let V be a module on Z[Xi, Xj, . . . , Y"i, I2, . 
spanned by (fc = 1,2,... ). The exterior algebra f\ V is spanned by vectors 

va = e Al A e A2 A • • • A e Af , 

where A = (Ai, . . . , A^) G £> (Ai > • • • > A| > 1). In particular, we have V0 = 1. We give /\ V the 
inner product 

(V A ,V M )=V 2 "' (A) - 

Putting = 2e k and = A • • • Ae)( = 2 £ v A , the bases (va)asd and (v^agd are dual to each 
other. 

We define the operator ip k (k > 1) on f\ V by 

V>£;Va = e k A v A 

and let be the adjoint operator of ipk with respect to the inner product defined above. The 
operator is then explicitly given by 

= Yl ^— 5 — ^fc,A 4 e Ai A • • • A e Xi A • • • A e v 

These operators satisfy the following commutation relations 
(3.5) ipiijjj + = 5 itj \, = -ipjipi, i>\^) = -i/ijip*. 

Since 



(3-6) ipkiPk v \ 



iv A , if k G A, 
0, otherwise, 



we see that (IlfceA ^ipkipl) v a is equal to va if A C A and to otherwise. 

Define the self-adjoint operator S by Sv\ = (— lY^v\ for any X £ T>. The operators satisfy 
the relations 



(3.7) 



5 2 = i, fj, k s = -si>k, r k s = -sr k . 
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For each odd positive integer n, we define the operators ot n and a_ n by 

n-l 

OO 2 



3=1 



3=1 

n-l 
2 



:= a* = 2 J] + V„S + 2 ^(-1)^-^. 

3=1 3=1 



It follows from (|3~5|) and (pT7jl that 
(3.8) 



n 



for any odd integers n and m, where [ , ] is the commutator; [a, b] = ab — ba. 
If we put 



(3.9) Vfc = < 

and VK 2 ) = Sfcez then by Q3.5|) and (|3.7|) we see that 



^fc, for k > 1, 

5/2, for fc = 0, 

t(-l) fe C fe , for fc<-l, 



(3.10) [a n , ^(2)] = z n ip(z) for any odd integer n 
and 

(3.11) (ipk^iv®, y$) = unless i = — k > 0. 
It follows from (|3.11|) that 



S 



W^Hvj.vj) = ( -Y + JZt- 1 ^ 2 kn)k ^k v ,v 



(3.12) 



k>l 



1 v - 1 / u;\ fe 2 — to 
4 + ^2\~) ~ A(z + w) 

k>l y ' 



Note that the operator a n is expressed as a n = Ylkez(~l) k ' l l ) k-n' i P-k- 
Put 

r m ^ V- 2 Pw (X) 

r ± (X)=exp 2^ — — Q ±n 



. n=l,3,5,. 



r? 



Observe that 

(3.13) 
(3.14) 
(3.15) 



r+v = v , 
r ± = r T , 
r + (x)r_(r) = z ss r_(Y)r + (x). 



The shifted Schur measure 7 

The equality 1)3. 15J) is obtained from (|3~8|) and (|2~5j) . By (|2~Tj) and (|3.10j) . we have 

(3.16) T ± {X)^{z)=Q x {z ±l )^{z)T ± {X). 
The Schur Q-function is given as a matrix element of T_ as follows. 

Proposition 3.2. For each \ £ D, we have 

(3.17) <r_(X)v ,v^) = Q A (X). 
More generally, for X, /i 

(3-18) <r_(X)v M ,v^) = Q A/At (X), 

where Qx/^^X) is a skew Hall-Littlewood function. 

Proof. Write A in the form Ai > A2 > • • • > \2n > 0. Since v^ = 2 2n ^\ 1 ■ ■ ■ ^A 2n v 0> the left hand 
side in (|3.17|) is equal to the coefficient of z^ 1 ■ ■ ■ z^ 1 in the expansion of 

(3.19) 2 2 ™(r_(X)v , V^i) • • • V^2n)v ). 

It follows from (ETHl . (I3~T?J) and (l3~T6l) that (|3~T9|l equals 

2 2n Q( Zl ) ■ ■ ■ Q(z 2n ){lp(zi) ■ ■ ■ V^2n)v , V ). 

By (|2,2|) . in order to prove ()3.17|1 it is sufficient to show 

2 2 ^(, 1 )---^2n)v ,V )=Pf(^)= J] T^T- 

J l<«<j<2n J 

Note the second equality is well-known (see e.g. |Macl III-8, Ex.5]). From (|3.5|) . (|3.7() and ()3.11j) . 
we see that 

2 2n (^(zi)---^2n)v ,V ) 
2n 

= J2(-l) k MlP(zi)lP(zk)v d , V0)4 n-1 (^(^ 2 ) • • • V>(^) • • • ^(^2n)v , V ). 
fc=2 

Therefore, by the expansion formula of a pfaffian, we obtain 

2 2 "(^l) • • • V(^2n)v , V ) = Pf(4(^)V(^)v0, V )). 

Hence the claim follows from (j3.12|) . The generating function of Q\/^ in |Macl III-8, Ex.9] yields 
the second formula (|3. 18|) by a discussion similar to the above. □ 
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From ([3.6)1 . 1)3.14)) and 1)3. 17)1 . the correlation function is expressed as 

pss(A) = -r- Qx(x)Px(Y) = JL ^ r+ (x) 2 ^*) r_(y)v , V0 ^ . 

It follows from (l3~T31) . (l3~TH and (l3~T51) that 

(3.20) pss(^) = ^ 2 *^) 

where we put 

(3.21) ¥ fc = Ad(G)Vto, % = Ad(G)r k , G = T + (X)T_(Y)- 1 . 
Using ()3.16j) . we have 

(3.22) Ad(G)ip(z) = J(z; X, Y)i/>(z), 
where J(z;X,Y) is defined in ()3.3)l . 

Lemma 3.3. W^e /iaue 

pss(^) = Pf(M(A)ij)i< i<i <2JV. 
i^ere i/ie entry o/ the skew symmetric matrix M(A) is given by 

r 2{y ki y kj v $ , v ), /or 1 < i < j < N, 

(3.23) M(i4)ij = | 2(* fct *^_. +1 v 0> V0>, for 1 < i < N < j < 2N, 

2(*£ *£ vn.Vfl), for N <i < j <2N. 

Proo f. From ()3.5)l and (|3.21)l . we have ^A:^ = (A; / Z). Therefore we obtain 

v ^ v 0^ = (^1**2 •• ■••^ 1 v0,v ). 

By 1)3.22)1 . the operator and respectively, is expressed as a linear combination of ^ n 's over 
Z[Xi, X 2 , . . . , Yi, Y 2 , . . . ]. Hence if we abbreviate $j = ^ fej for 1 < j < N and $j = ^>% 2N _ 1 for 
AT + 1 < j < 2N, we have 

(^^2 . . . \£ N \B* N • • • **v , V ) = Pf((*i* : ,-V0, V ))i< i<i < 2 JV 

by a discussion similar to the proof of Proposition 13.21 Thus, by ()3.2U)) . we obtain the lemma. □ 

Proof of Theorem \3.1\ We compute entries in the right hand side of ()3.23)) . It follows from ()3.12)) 
and (EEZH) that 

1 y, — HI 

(2*(z)*(u;)v ,v > = -3(x;X,Y)3(w;X,Y)——, 

2 z + w 

where = Ad(G)ip(z). Since the coefficient of z k (k € Z \ {0}) in is equal to if k > 
and to (-l) k ^*_ k if Jfe < 0, we can easily see the theorem from Lemma 13.31 □ 
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Remark 3.2. Though Jing jjij obtains the expression of Schur Q-functions by vertex operators with 
the commutator relation Q3.8|) it seems very hard to obtain the result in Theorem 13. II using these 
vertex operators. □ 

4 Applications 

As an application of Theorem l3.ll we give a limit distribution of A,'s with respect to a specialization 
of the shifted Schur measure. 

4.1 A shifted version of the Plancherel measure 

We define a measure similar to the Plancherel measure on Vn by means of the shifted Robinson- 
Schensted-Knuth (RSK) correspondence (see e.g. |HH| ) . 

A shifted shape Sh(A) associated with a strict partition A is obtained by replacing the i-th row 
to the right by i — 1 boxes for i > 1 from the Young diagram A. A standard shifted tableau T of 
the shifted shape A 1= N is an assignment of 1, 2, . . . , N to each box in the shifted shape Sh(A) such 
that entries in T are increasing across rows and down columns. For example, 

12 4 6 
3 5 8 
7 

is a standard shifted tableau of shape A = (4, 3, 1). 

Let be the number of standard shifted tableaux of shape A. It is known that g x is explicitly 
given by 

a |A|! rr Aj - Xj 



9 



n 



l<l<J<t 



(see e.g. |MaH III-8, Ex.12]). By means of the shifted RSK we can see that 
(4.1) ^ 2 7V - £ ( A V) 2 = iV! 

X\=N 

(see |HH]). 

In view of the equality ()4.1I) . we define a probability measure on I? at, that is, we assign to each 
A £ Pat the probability 

(4-2) Pspi,jv({A}) = -^(Z) 2 . 

This measure, which is noted in |TW 2 . can be regarded as a shifted version of the Plancherel 
measure defined in ()1.5|) in a combinatorial sense. 
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4.2 Ascent pairs for a permutation 

The measure defined in ()4.2|) is related to the so-called ascent pair for a permutation. For tt = 
(?r(l), 7t(2), . . . ,7r(A r )) G Sat, an ascent pair for 7r is a pair (<^> de ,0 m ) of a decreasing subsequence 
<p de = (ir(ii) > • • • > vr(ifc)), ii < • • • < if* and an increasing subsequence <p m = (vr(ji) < • • • < 
^(jz))) Ji < " " " < J/ OI " 71 such that the sequence 

(7r(ifc),...,vr(ii),vr(ji),...,7r(^)) 

is weakly increasing (i.e. the inequality < is satisfied). We define the length of the 

ascent pair (</> de , m ) by k + I — 1. Denote the length of the longest ascent pair for tt by L(tt). 



Example 4.1. For a permutation 



7T 



123456789 
471963582 



the pair ((f) de , <fi m ), where </> de = (4,3,2) and <f> m = (4,7,9), is the ascent pair with length 5. Since 
this is the longest ascent pair for tt, we have L(ir) = 5. □ 

By the shifted RSK, the distribution of L(ir) with respect to the uniform measure on Gat equals 
the distribution of Ai with respect to the measure Pspi,jv on T>n, i.e., 

(4.3) Puniform,Jv({vr G 6 N \L(tt) = h}) = P S pi,jv({A G ^tvIAi = h}). 

4.3 Limit distributions 

We consider the random point process on R (see the Appendix in BOO } whose correlation functions 
PAhy(X) = PAir y ({^ C R | #Y < oo, X C Y}) for any finite subset X = {x\, . . . ,x k ] C R are 
given by p\\ ry (X) = det(KAiry(xi,%j))i<i,j<k- Here if Airy is the Airy kernel defined in 1)1. 3j) . Let 
£ = (^x > C2 > ■ " " ) G R°° be its random configuration. The random variables £j's are called the 
Airy ensemble. It is known that the Airy ensemble describes the behavior of the largest eigenvalue 
of a GUE matrix, the 2nd largest one, and so on, see |TWlj . 

Theorem 4 in |BOO| (see also |J31 IQlj ) asserts that the random variables 

(4.4) Xl "f^ , 1 = 1,2,..., X=(X 1 ,X 2 ,...)eV N 

with respect to the Plancherel measure defined by (|1.5|) converge, in the joint distribution, to the 
Airy ensemble as N — > 00. The following theorem is a shifted version of this result. 

Theorem 4.1. As N —* 00, the random variables 

, . Xi - 2V2N 
4.5) —, r^— , i = l,2,... 

v ' (2A)V6 ' ' ' 

with respect to the measure Pspi,a" on Vjy converge to the Airy ensemble, in joint distributions. 
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Compare (|4.5j) with (|4.4|) . Especially, since the distribution of £i in the Airy ensemble is given 
by the Tracy- Widom distribution, we immediately see the following result from l[4.3|) . 



Corollary 4.2. VKe /iave 



/ L — 2V2iV \ 

Puniform,* I (m)1/6 < "J = W 



Compare with (|l.lj) . Theorem 14.11 is proved by computing the correlation function of the so- 
called poissonization of the measure Pspi,jv- For £ > 0, we define the poissonization Pp SP of the 
measure Pspi,tv by 

(4.6) P PSP ({A}) = e -€ £ ^^({A}) = e-t^2M-<W (f-) 

N=0 ' Ml-/ 

for AgP. Here Pspi,tv({^}) = unless A N N. Then we have the 
Theorem 4.3. For any fixed M > 1 and any a\, . . . , a m £ M. we have 



(4.7) lunPpgp AGP 



A, 2^2| <fl . l<j<M )= P A ir y (Ci < a», 1 < * < M ), 



Hi 



(2£) 

where Ci > C2 > • • • ^ ^4iry ensemble. 

Since Theorem 14.11 can be proved from Theorem 14.31 by using the depoissonization technique 
developed in jjjj, we omit the proof, see |BOUj . 

4.4 The proof of Theorem 14.31 

The measure Ppgp can be obtained by a specialization of the shifted Schur measure. Actually, since 
the Schur Q-function can be expanded as (see |Macj ) 

<MX)= £ n<w*»(-i) n 

p=1 m 13 m 3 ... j ;odd »' 

where = g x (see |Mac| III-8, Ex.12]), if we make a specialization such as Pk(X) = 

Pk(Y) = \J\o~ki (k>l), then we have 

<?, = (2{)-ifjf. 

Hence the shifted Schur measure in (|2.4|) becomes the measure Pp SP in 1)4.6(1 . 
Let /0p SP be the correlation function of the measure Pp SP - 

Proposition 4.4. We have 

lim (20 iV/6 ppsp({[2\/2e + (20 1/6 si], • • • , [2^ + (2£) 1/6 *iv]}) = det(K Airy ( Xi , s,-))i<ij<JV- 
4^+00 

TTie Zimii is uniform for (x%, . . . ,xjy) on a compact set ofW N . 



12 



S. Matsumoto 



This proposition follows immediately from Theorem 13.11 and the following lemma. 
Lemma 4.5. We have 

(4.8) (2O^M2^ + z(2OM V / 2f + y(2#)^0, 

(4.9) (20*K B (2V2f + x(2#, -(2^2? + y(2#)) -> ^Air y (x, y), 

(4.10) (20^K B (-(2 v / 2e + z(2£)*), -(2y^ + v(tf)*)) - 0, 

as ^ —* oo, uniformly in x and y on compact sets in R. 

Proof. By the specialization Pk{X) = Pk(Y) = y/£/25ki, the function J(z;X, Y) in (j3.3j) becomes 
e \/2f(z-z J ) ; w hich is the generating function of Bessel functions. Therefore, in order to prove 
Lemma 14.51 we evaluate integrals of the form 

( 1 \ /" f ( M(z-z- 1 +w-w- 1 ) z - w dzdw 

V 2tt^T / J J z + w z u^ w v+l ' 

where the contours are two unit circles and u = ±(2y / 2^ + x(2^)e) and u = ±(2y / 2| : + y(2^)e). 
Then Lemma 14.51 is obtained by a similar discussion in |TW2j . We leave the detail for readers. □ 

Proof of Theorem \4-3\ The proof follows from Proposition 14.41 and the discussion in |BO()| . □ 
4.5 The a-specialized shifted Schur measure 

Let a be a real number such that < a < 1 and let m and n be positive integers. We put 
Xi = Yj = a for 1 < i < m and 1 < j < n, and let the rest be zero in the definition of the shifted 
Schur measure. This is called the a -specialization, see |TW2j and [M]. Using Theorem l3.ll we also 
give a limit distribution of Aj's with respect to the a-specialized shifted Schur measure. Denote by 
Pss.o- the a-specialized shifted Schur measure, where a = (m, n, a) denotes the set of parameters 
above, and put r = m/n. 

Theorem 4.6. There exist positive constants c\ = ci(a, r) and C2 = 02(0;, r) such that 

hm P SS , CT (lx G V I Xi ~J}z <a h l<i< m\\ = P A ir y (Ci < a u 1 < i < M) 

holds for any M > 1 and any a±, . . . , aM £ R- 

When M = 1, this theorem gives the result in |TW2j . Although they assume that a and r 
satisfy the relation a 2 < r < a~ 2 , we can remove this assumption as they expect in the footnote 3 
of that paper. 

We write pss> M, $(z;X,Y) and K in Theorem 13.11 after making the a-specialization by p a , 
M a , J a (z) and K a , respectively. Let ci, ci and zq be positive constants depending on a and r given 
in |TW2j . These constants are not explicitly given for t / 1, see Section 1 in TW2 . Employing 
the following proposition, we can prove Theorem 14. 61 as Theorem 14 . 1 1 and so we omit the proof. 
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Proposition 4.7. We have 

lim (c 2 n3) 7V p a ({[cin + cgnixi], . • • , [cin + c 2 n3XAr]}) = det(J£AiryOci, %))l<i,i<AT- 

n — >oo 

T/ie /imii is uniform for (x%, . . . , xjy) in a compact set of 
Proof. From Theorem 13. 1| we have 



p a ({ki, k N }) = ,/det(M ir ({k 1 ,...,k N })). 
Then we may write the skew matrix M a in the form 

M _ ( Ml M 2 
" V-*M 2 M 3 

where we put N x N matrices Mi = (IKq-^, kj))%<i t j<N, M 2 = (K^fej, — fcjV-.j+l))i<ij<iV and 
M3 = (Kcr(— /jjv-i+l) — kN-j+i))i<ij<N' Let L> be an N x iV diagonal matrix whose i-th entry is 
given by JJ CT (zo) - zjj. Then p a is expressed as 



P<r({&i, • • • , k N }) = ^(-l)"det( 



M 2 Mi 
M 3 -*M 2 



^detn? _ J ^ UD " 



I)- 1 / I M, -*M 2 y V D 



DM2D- 1 DM\D 



DM 1 D DM2D- 1 
D- 1 f M 2 D D- x MzD- 1 



-y( ^^^^-lAfg^-l -D- lt M 2 D / 
= Pf 

Thus we immediately obtain the proposition from the following lemma. □ 

Lemma 4.8. We have 

3a{zo) z Q yj n3K a (an + c 2 mx,c\_n + c 2 nay) -> 0, 

2q 2 ^ n3K CT (cirt + c 2 nsx, — (cin + c 2 nay)) — > ^AiryO^y), 
J ff (z ) 2 z - (2cin+C2n ' (:E+?/)) n§IC (T (-(cin + c 2 nM, -(cm + c 2 n^)) -> 0, 

as n — > oo ; uniformly in x and y on compact sets in M. 

The proof of this lemma is obtained by the discussion in Section 6.4 of TW2 J. Since the 
assumption a 2 < r < aT 2 is not used in that section, we do not need this assumption in Theorem 
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5 Hall-Littlewood measures 

Let V be the set of all partitions. In this section, we consider the so-called Hall-Littlewood measure 
on V, defined by Hall-Littlewood functions. It is considered as a natural extension of the Schur 
measure and the shifted Schur measure. Let Q\(X; t) (respectively P\(X; t)) be the Hall-Littlewood 
Q- (respectively P-)function for a partition A (see MacJ III]). We define the Hall-Littlewood measure 
by 

PmvwrW) = ^Q x (X;t)P x (Y;t). 



Here the constant Z = Z(X, Y; t) is determined by 

OO - 

Z :=^2Q x (X;t)P x (Y;t)= [J - 



tXiYj 



Xi Yj 

xev i,j=i J 

where the second equality is the Cauchy identity for Hall-Littlewood functions. Since Q\(X;t) is 
the Schur function s\(X) at t = and the Schur Q-function Q\(X) at t = — 1, the Hall-Littlewood 
measure gives the Schur measure at t = and the shifted Schur measure at t = — 1. 

The mean value and the variance of the size |A| of a partition A are given explicitly as follows. 

Theorem 5.1. The mean value E(|A|) and the variance Var(|A|) of the size |A| of a partition with 
respect to the Hall-Littlewood measure are given by 

oo 

(5.1) E(\X\) = J2a-t k )Pk(X) Pk (Y), 

k=l 
oo 

(5.2) Var(|A|) = - t k ) Pk (X) Pk (Y). 

k=l 

Here p k {X) is the k-th power sum function. 
Proof. Define a differential operator Ax by 

d 



d Pk (xy 



fc=i 

Since Qx(X-t) = E P :\ pH a\ z^X^t) UT=i Pk(X) m ^ ( see jMEEl HI-(7.51)]) we have 

A x Q x (X;t) = \X\Q x (X;t). 
Therefore we obtain E(|A|) = ±^ x \\\Qx(X;t)P x (Y;t) = A x (logZ). On the other hand, since 

Z = exp (££=i irP*(%( y )) ( see M P-223]) we have A x (logZ) = E^(l-i*)P*WP*W 
so that we get dSHJ. 

In general, we see that E(|A| n ) = j?A x Z. In particular, it follows that 

E(|A| 2 ) =\a\{Z) = |a x (z±A x (Z) \ = ^A x (ZA x {\ogZ)) 

=| {A X (Z) ■ A x (log Z) + ZA x (log Z)} 
=(A x (logZ)) 2 + A x (logZ). 
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Therefore we have 

Var(|A|)=E(|A| 2 )-E(|A|) 2 = A|(logZ) 
=A X (f^l -t k )p k {X)p k {Y)\ 



\k=l 



J2k(l-t k ) Pk (X)p k (Y). 



k=i 

This completes the proof of the theorem. □ 

Remark 5.1. The mean value E(|A|) with respect to the Schur measure is given in |()3j . □ 

Next we consider the mean value E(Ai) of Ai, the first row of a partition A. Based on the fact in 
Theorem 15. 1| we now examine whether E(Ai) has an expression similar to E(|A|). Assume X = Y 
in the definition of the Hall-Littlewood measure and let M(t, X) := 2 2~^fcli(l — t k )Pk{X). 

Example 5.1. The poissonized Plancherel measure for symmetric groups is obtained from the Hall- 
Littlewood measure by putting t = and the exponential specialization p k (X) = p k (Y) = \/f^ifc- 
Hence it follows that M(t, X) = 2yfl. Since it is known that E(Ai) ~ 2\/£ as £ — > +oo (see e.g. 
jHOOj), we have lim jfg^y = 1. □ 

Example 5.2. The a-specialized Schur measure is obtained by putting t = and the a-specialization 

n 

X = Y = (a, . . . , a, 0, 0, . . . ). We have hence M(t, X) = 2 X^fcLi nQk = i^j n - Since it is proved in 
(J2j that E(Ai) ~ as n -» +oo, we have lim = 1. □ 

Example 5.3. The poissonization of the shifted version of the Plancherel measure for symmetric 
groups is obtained by putting t = — 1 and p k (X) = p k (Y) = \J\8i k . We have hence M(t, X) = 

4^/| = 2y / 2£. Since we have proved that E(Ai) ~ 2-y/2£ as £ — » +cxd in Section 0J we have 

li-^ = L D 
Example 5.4. The a-specialized shifted Schur measure is obtained by putting t = — 1 and the 



a-specialization X = Y = (a, . . . , a, 0, 0, . . . ). Hence we have M(t, X) = 2 Ylk>i-.oM 2na k = ■ 
Since it is proved in |TW2j that E(Ax) ~ \—a^ as n — * ~\~oo, we have lim ^ = 1. □ 

In view of the examples above, we might expect that always converges to 1. However, 

we encounter an example that jg£r^ does not converge to 1 as follows. 

Example 5.5. Suppose < t < 1. We make the principal specialization X = Y = (t, t 2 , . . . , t n , 0, 0, . . . 

and n — > -|-oo. Then we have 
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where we put n(A) = Zj>i(j ~ ty^j = Ej>i f^Y ( a; <? ) m = njlo^ 1 ~ a 9 j ) and denote the 
multiplicity of j in A by mj(X) (see |Macl III-2 Ex.1]). Further we obtain 



fr 1 ~ ^ fr 1 

11 1 _ lll-tr- 

i,j=l r=2 

1/ \2 



Since 2n(A) + |A| = X^>i ~~ 1) + Sj>i = Ylj>x(^j) > ^ ne Hall-Littlewood measure becomes 

t E 3 ->i(^) 2 +|A| 



P*,Prin(A) :=n( 1 -O rr - 7 T^ • 

JT = 2 llj>l(Mj mj (A) 



This measure is studied by Fulman |Flj . 

We calculate the distribution function of Ai. Since for a positive integer h 

r^0,±l (mod 2/i4 

(the second equality is proved by Andrews 0, see also |F2j ) we have 

P t ,Prin(Al < h) = H (1 - f ) 



r>2 

rsO,±l (mod 2/i+l) 



(5.3) = f[(l - t( 2h+ V k )(l - i(2M-l)M-l)(i _ t (2h+l)fc-l). 

fc=l 

The mean value E(Ai) is given by E(Ai) = YlhLi ^(Pt,Prin(Ai < h + 1) — Pt,p r in(Ai < h)). It follows 
from ()5.3|) that E(Ai) = t 2 + 0(i 3 ) as i — > +0. On the other hand, it is easy to see that 

oo oo oo k „ 

M(i, X) = 2 £(1 - t fc ) £ = 2 J> - t*)^ = — 

fe=l J = l fc=l 

and therefore M(t, X) = 2t + 2t 2 + 0(t 3 ) as i -> +0. Therefore E(Ai) is not equal to M(t, X). □ 

Thus it is interesting to determine when the ratio ^^ X ) conver g es to 1. We will study this 
problem in future. 
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